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ABSTRACT
In the present paper, a theorem for the starlikeness and convexity of multivalent
functions involving certain inequalities is given. Some interesting consequences
of the main result are also mentioned.
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1. Introduction and deﬁnitions
Let T (p) denote the class of functions f(z) of the form
f(z) = zp +
∞∑
k=p+1
akz
k, (p ∈ N = {1, 2, 3, . . .}), (1.1)
which are analytic and multivalent in the open unit disc U = {z : z ∈ C and | z |< 1}.
A function f(z) belonging to T (p) is said to be multivalently starlike of order α in U
if it satisﬁes the inequality:
e
{
zf ′(z)
f(z)
}
> α, (z ∈ U ; 0 ≤ α < p; p ∈ N ), (1.2)
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and, a function f(z) ∈ T (p) is said to be multivalently convex of order α in U if it
satisﬁes the inequality:
e
{(
1 +
zf ′′(z)
f ′(z)
)}
> α, (z ∈ U ; 0 ≤ α < p; p ∈ N ). (1.3)
For the aforementioned deﬁnitions, one may refer to [1] and [2] (see also [11]). Further,
a function f(z) ∈ T (p) is said to be in the subclass Tλ(p; α) if it satisﬁes the inequality
e
{
zf ′(z) + λz2f ′′(z)
(1− λ)f(z) + λzf ′(z)
}
> α, (1.4)
(z ∈ U ; 0 ≤ λ ≤ 1; 0 ≤ α < p; p ∈ N ).
From the above deﬁnitions, the following subclasses of the classes T (p) and T ≡
T (1) emerge from the families of functions Tλ(p; α):
Tλ(1; α) = Tλ(α), (0 ≤ λ ≤ 1; 0 ≤ α < 1, (1.5)
T0(p; α) = Sp(α), (0 ≤ α < p; p ∈ N ), (1.6)
T1(p; α) = Kp(α), (0 ≤ α < p; p ∈ N ), (1.7)
Sp(α) ⊆ Sp(0) = Sp, (0 ≤ α < p; p ∈ N ) (1.8)
Kp(α) ⊆ Kp(0) = Kp, (0 ≤ α < p; p ∈ N ), (1.9)
T0(α) = S1(α) ⊆ S(α), (0 ≤ α < 1), (1.10)
T1(α) = K1(α) ⊆ K(α), (0 ≤ α < 1), (1.11)
T0(α) = S(α) ⊆ S(0) = S, (0 ≤ α < 1), (1.12)
T1(α) = K(α) ⊇ K(0) = K, (0 ≤ α < 1). (1.13)
The important subclasses in the Geometric function theory such as the multiva-
lently starlike functions Sp(α) of order α(0 ≤ α < p; p ∈ N ) in U , the multivalently
convex functions K0(α) of order α(0 ≤ α < p; p ∈ N ) in U , the multivalently starlike
functions Sp in U , the multivalently convex functions Kp in U , the starlike functions
in S(α) of order α(0 ≤ α < 1) in U , the convex functions K(α) of order α(0 ≤ α < 1)
in U , the starlike functions S in U , and the convex functions K in U , are seen to be
easily identiﬁable with the aforementioned classes (cf., e.g., [1], [2], and [11]).
The purpose of considering inequality (1.4) is to obtain general results which
combine certain types of inequalities concerning functions belonging to the classes
Sp(α), Kp(α), Sp, Kp, S(α), K(α), S, and K. Some interesting corollaries are also
deduced from our main results. Other interesting results involving certain inequalities
and/or multivalent functions were also studied, for example, by Owa et al. ([8], [9],
[10]), and Irmak et al. ([3], [4], [5]).
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2. Main Result
Before stating and proving our main result, we require the following assertion (pop-
ularly known as Jacks’s Lemma):
Lemma (cf., [6], [7]). Let the function x(z) be non-constant and regular in the unit
disc U , such that w(0) = 0. If | w(z) | attains its maximum value on the circle
| z |= r < 1 at a point z0, then
z0w
′(z0) = cw(z0), (c ≥ 1). (2.1)
Theorem. Let a function f(z) belong to the class T (p). Deﬁne a function F (z) by
F (z) = (1− λ)f(z) + λzf ′(z), (0 ≤ λ ≤ 1), (2.2)
and if F (z) satisﬁes anyone of the following inequalities:
∣∣∣∣∣∣
1 + zF
′′(z)
F ′(z) − p
zF ;(z)
F (z) − p
− 1
∣∣∣∣∣∣ <
1
2p− α, (z ∈ U ; 0 ≤ α < p; p ∈ N ), (2.3)
∣∣∣∣1 + z
(
F ′′(z)
F ′(z)
− F
′(z)
F (z)
)∣∣∣∣ < p− α2p− α, (z ∈ U ; 0 ≤ α < p; p ∈ N ), (2.4)∣∣∣∣ F (z)zF ′(z)
(
1 +
zF ′′(z)
F ′(z)
)
− 1
∣∣∣∣ < p− α(2p− α)2 , (z ∈ U ; 0 ≤ α < p; p ∈ N ), (2.5)∣∣∣∣zF
′(z)
F (z)
[
1 + z
(
F ′′(z)
F ′(z)
− F
′(z)
F (z)
)]∣∣∣∣ < p− α, (z ∈ U ; 0 ≤ α < p; p ∈ N ), (2.6)
e
⎧⎨
⎩
zF ′(z)
F (z)
⎛
⎝1 + zF
′′(z)
F ′(z) − p
zF ′(z)
F (z) − p
− 1
⎞
⎠
⎫⎬
⎭ < 1, (z ∈ U ; 0 ≤ α < p; p ∈ N ), (2.7)
then f(z) ∈ Tλ(p; α).
Proof. Let f(z) ∈ T (p). then from (1.1) and (2.1), we ﬁnd that
zF ′(z)
F (z)
=
zf ′(z) + λz2f ′′(z)
(1− λ)f(z) + λzf ′(z)
=
p[1 + λ(p− 1)] +∑∞k=p k[1 + λ(k − 1)]akzk−p
1 + λ(p− 1) +∑∞k=p[1 + λ(k − 1)]akzk−p , (2.8)
(z ∈ U ; 0 ≤ λ ≤ 1; p ∈ N ).
Now, deﬁne a function w(z) by
zF ′(z)
F (z)
− p = (p− α)w(z), (z ∈ U ; 0 ≤ α < p; p ∈ N ), (2.9)
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then the function w(z) is analytic in U , and w(0) = 0. It follows from the above
deﬁnition (2.9) that
1 +
zF ′′(z)
F ′(z)
− p = (p− α)w(z)
(
1 +
zw′
w(z)
1
p + (p− α)w(z)
)
, (2.10)
(z ∈ U ; 0 ≤ α < p; p ∈ N ).
Hence, from (2.8) and (2.9), we have
F1(z) =
1 + zF
′′(z)
zF ′(z) − p
zF ′(z)
F (z) − p
− 1 = zw
′(z)
w(z)
1
p + (p− α)w(z) , (2.11)
F2(z) = 1 + z
(
F ′′(z)
F ′(z)
− F
′(z)
F (z)
)
=
(p− α)zw′(z)
p + (p− α)w(z) , (2.12)
F3(z) =
F (z)
zF ′(z)
(
1 +
zF ′′(z)
F ′(z)
)
− 1 = (p− α)zw
′(z)
[p + (p− α)w(z)]2 , (2.13)
F4(z) =
zF ′(z)
F (z)
[
1 + z
(
F ′′(z)
F ′(z)
− F
′(z)
F (z)
)]
= (p− α)zw′(z), (2.14)
F5(z) =
zF ′(z)
F (z)
⎛
⎝1 + zF
′′(z)
F ′(z) − p
zF ′(z)
F (z) − p
− 1
⎞
⎠ = zw′(z)
w(z)
, (2.15)
(z ∈ U ; 0 ≤ α < p; p ∈ N ).
We claim that | w(z) |< 1 in U . For otherwise (by Jack’s Lemma) there exists a point
z0 ∈ U such that
z0w
′(z0) = cw(z0), (2.16)
where
| w(z0) |= 1, (c ≥ 1).
Therefore, the equations (2.11)-(2.15) in conjunction with (2.16) yield:
| F1(z0) |=
∣∣∣∣z0w
′(z0)
w(z0)
1
p + (p− α)w(z)
∣∣∣∣ = c | w(z0) || p + (p− α)w(z0) | ≥
1
2p− α, (2.17)
| F2(z0) |=
∣∣∣∣ (p− α)z0w
′(z0)
p + (p− α)w(z)
∣∣∣∣ = c(p− α) | w(z0) || p + (p− α)w(z0) | ≥
p− α
2p− α, (2.18)
| F3(z0) |=
∣∣∣∣ (p− α)z0w
′(z0)
p + (p− α)w(z)
∣∣∣∣ = c(p− α) | w(z0) || p + (p− α)w(z0) |2 ≥
p− α
(2p− α)2 , (2.19)
| F4(z0) |= c(p− α) | w(z0) |≥ p− α, (2.20)
e{F5(z0)} = e
{
zw′(z0)
w(z0)
}
= c ≥ 1, (2.21)
(0 ≤ α < p; p ∈ N ),
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which contradict our assumptions (2.3)-(2.7), respectively. Therefore | w(z) |< 1
holds true for all z ∈ U . From the deﬁnition (2.9) yields
∣∣∣∣zF
′(z)
F (z)
− p
∣∣∣∣ = (p− α) | w(z) |< p− α, (z ∈ U ; 0 ≤ α < p; p ∈ N ), (2.22)
which implies that
e
{
zF ′(z)
F (z)
}
= e
{
zf ′(z) + λz2f ′′(z)
(1− λ)f(z) + λzf ′(z)
}
> α, (2.23)
(z ∈ U ; 0 ≤ λ ≤ 1; 0 ≤ α < p; p ∈ N ),
and hence f(z) ∈ Tλ(p; α).
We mention now some interesting corollaries for the classes Tλ(α), Sp(α),
Kp(α), Sp, Kp, S(α), K(α), S, and K which are easily deducible from the main re-
sult.
Corollary 1. Let a function f(z) deﬁned by (1.1) belong to the class T (p). If f(z)
satisﬁes anyone of the following inequalities:
∣∣∣∣∣∣
1 + zf
′′(z)
f ′(z) − p
zf ′(z)
f(z) − p
− 1
∣∣∣∣∣∣ <
1
2p− α, (z ∈ U ; 0 ≤ α < p; p ∈ N ) (2.24)
∣∣∣∣1 + z
(
f ′′(z)
f ′(z)
− f
′(z)
f(z)
)∣∣∣∣ < p− α2p− α, (z ∈ U ; 0 ≤ α < p; p ∈ N ), (2.25)∣∣∣∣ f(z)zf ′(z)
(
1 +
zf ′′(z)
f ′(z)
)
− 1
∣∣∣∣ < p− α(2p− α)2 , (z ∈ U ; 0 ≤ α < p; p ∈ N ) (2.26)∣∣∣∣zf
′(z)
f(z)
[
1 + z
(
f ′′(z)
f ′(z)
− f
′(z)
f(z)
)]∣∣∣∣ < p− α, (z ∈ U ; 0 ≤ α < p; p ∈ N ), (2.27)
e
⎧⎨
⎩
zf ′(z)
f(z)
⎛
⎝1 + zf
′′(z)
f ′(z) − p
zf ′(z)
f(z) − p
− 1
⎞
⎠
⎫⎬
⎭ < 1, (z ∈ U ; 0 ≤ α < p; p ∈ N ), (2.28)
then f(z) ∈ Sp(α).
Corollary 2. Let a function f(z) deﬁned by (1.1) belong to the class T (p). If f(z)
satisﬁes anyone of the following inequalities:
∣∣∣∣∣∣
1 + z[2f
′′(z)+zf ′′′(z)]
f ′(z)+zf ′′(z) − p
1 + zf
′′(z)
f ′(z) − p
− 1
∣∣∣∣∣∣ <
1
2p− α, (2.29)
(z ∈ U ; 0 ≤ α < p; p ∈ N ),
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∣∣∣∣z
(
2f ′′(z) + zf ′′′(z)
f ′(z) + zf ′′(z)
− f
′′(z)
f ′(z)
)∣∣∣∣ < p− α2p− α, (2.30)
(z ∈ U ; 0 ≤ α < p; p ∈ N ),
∣∣∣∣ f
′(z)
f ′(z) + zf ′′(z)
(
1 +
z[2f ′′(z) + zf ′′′(z)]
f ′(z) + zf ′′(z)
)
− 1
∣∣∣∣ < p− α(2p− α)2 , (2.31)
(z ∈ U ; 0 ≤ α < p; p ∈ N ),∣∣∣∣z
(
1 +
zf ′′(z)
f ′(z)
)(
2f ′′(z) + zf ′′′(z)
f ′(z) + zf ′′(z)
− f
′′(z)
f ′(z)
)∣∣∣∣ < p− α, (2.32)
(z ∈ U ; 0 ≤ α < p; p ∈ N ),
e
⎧⎨
⎩
(
1 +
zf ′′(z)
f ′(z)
)⎛⎝1 + z[2f
′′(z)+zf ′′′(z)]
f ′(z)+zf ′′(z) − p
1 + zf
′′(z)
f ′(z) − p
− 1
⎞
⎠
⎫⎬
⎭ < 1, (2.33)
(z ∈ U ; 0 ≤ α < p; p ∈ N ),
then f(z) ∈ Kp(α).
Corollary 3. Let a function f(z) deﬁned by belong to the class T . If f(z) satisﬁes
anyone of the following inequalities:
∣∣∣∣∣∣
zf ′′(z)
zf ′(z)
zf ′(z)
f(z) − 1
− 1
∣∣∣∣∣∣ <
1
2− α, (z ∈ U ; 0 ≤ α < 1), (2.34)
∣∣∣∣1 + z
(
f ′′(z)
f ′(z)
− f
′(z)
f(z)
)∣∣∣∣ < 1− α2− α, (z ∈ U ; 0 ≤ α < 1), (2.35)∣∣∣∣ f(z)zf ′(z)
(
1 +
zf ′′(z)
f ′(z)
)
− 1
∣∣∣∣ < 1− α(2− α)2 , (z ∈ U ; 0 ≤ α < 1), (2.36)∣∣∣∣zf
′(z)
f(z)
[
1 + z
(
f ′′(z)
f ′(z)
− f
′(z)
f(z)
)]∣∣∣∣ < 1− α, (z ∈ U ; 0 ≤ α < 1), (2.37)
e
⎧⎨
⎩
zf ′(z)
f(z)
⎛
⎝ zf
′′(z)
f ′(z)
zf ′(z)
f(z) − 1
− 1
⎞
⎠
⎫⎬
⎭ < 1, (z ∈ U ; 0 ≤ α < 1), (2.38)
then f(z) ∈ S(α).
Corollary 4. Let a function f(z) deﬁned belong to the class T . If f(z) satisﬁes
anyone of the following inequalities:
∣∣∣∣ f
′(z)
zf ′′(z)
(
2f ′′(z) + zf ′′′(z)
f ′(z) + zf ′′(z)
)
− 1
∣∣∣∣ < 12− α, (2.39)
(z ∈ U ; 0 ≤ α < 1),
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∣∣∣∣z
(
2f ′′(z) + zf ′′′(z)
f ′(z) + zf ′′(z)
− f
′′(z)
f ′(z)
)∣∣∣∣ < 1− α2− α, (2.40)
(z ∈ U ; 0 ≤ α < 1),∣∣∣∣ f
′(z)
f ′(z) + zf ′′(z)
(
1 +
z[2f ′′(z) + zf ′′′(z)]
f ′(z) + zf ′′(z)
)
− 1
∣∣∣∣ < 1− α(2− α)2 , (2.41)
(z ∈ U ; 0 ≤ α < 1),∣∣∣∣z
(
1 +
zf ′′(z)
f ′(z)
)(
2f ′′(z) + zf ′′′(z)
f ′(z) + zf ′′(z)
− f
′′(z)
f ′(z)
)∣∣∣∣ < 1− α, (2.42)
(z ∈ U ; 0 ≤ α < 1),
e
{(
1 +
zf ′′(z)
f ′(z)
)(
f ′(z)[2f ′′(z) + zf ′′′(z)]
f ′′(z)[f ′(z) + zf ′′(z)]
− 1
)}
< 1, (2.43)
(z ∈ U ; 0 ≤ α < 1),
then f(z) ∈ K(α).
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